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In any information retrieval system, retrieval is based on some formal model. Apart from a few − non-classical −
models (which are relatively newer), every other model ultimately relies on two basic models: vector space, and
probabilistic (two early and classical models). Hence the vector space and probabilistic models are of a fundamental
importance, and thus a unified formal definition for them would allow for working out a unified, coherent and
consistent formal framework (mathematical theory), as a foundation, for IR. The paper shows that such foundations
can be elaborated.

1. Introduction
Information Retrieval (IR) has accumulated a huge amount of experimental and theoretical results, and its
importance has rapidly grown especially with the advent of the World Wide Web (WWW) and Internet.
IR is an interdisciplinary field, and thus an attempt to elaborate formal foundations for it should take
into account a manifold of viewpoints, techniques and parameters coming from a variety of fields.
The goal of the present paper is much more restricted: it aims at giving, in an axiomatic style, a formal
(mathematical) foundation for the classical (vector space, probabilistic) models of IR, i.e. a unified
definition from which all known mathematical properties can be formally derived.
The paper consists of two parts with the same content but different style. In Part I, the formal
foundations are presented informally, whilst in Part II the formal foundations are presented using a
mathematical formalism.

PART I.
2. Traditional Definitions of Classical Models
2.1 Vector Space Model
Both the query and the document are represented as series of weights (vectors). Every weight represents a
degree to which an index term (e.g. keyword, identifier) characterizes (pertains to) a − real − document
(or query). A similarity measure, as a computable numeric value, is defined − using the query- and
document-vector − to express a likeness (closeness) between a query and a document. The similarity
measure typically has the following three basic properties: (i) It usually takes on values between 0 and 1;
(ii) Its value does not depend on the order in which the query and the document are compared (when
computing the similarity); (iii) It is equal to 1 when the query- and document-vectors are equal. Those
documents are said to be retrieved in response to a query for which the similarity measure exceeds a
threshold value.
2.2 Probabilistic Model
Given documents, a query, and a cut-off numeric value. Conditional probabilities that a document is
relevant and irrelevant to the query are calculated. The documents with probabilities of relevance at least
that of irrelevance are ranked in decreasing order of their relevance. Those documents are said to be
retrieved whose probabilities of relevance in the ranked list exceed the cut-off value.

3. Unified Formal Definition of Classical Models
3.1 Classical Retrieval
Given a finite set of elements called identifiers (e.g. index terms, keywords, descriptors), a finite set of
elements called documents (e.g. text, image, pieces of sound) where a document (i) represents a collection

(cluster) of some other objects (as a particular case: a document can, of course, represent itself), and (ii) is
modeled as a series of numbers (weights) meaning degrees to which the identifiers pertain to that
document. Given further a finite set of elements called criteria (e.g. relevant, irrelevant, undefined)
according to which every two documents are compared to each other, and the result of this comparison is
a numeric value (score) assigned to that pair of documents. A concept of classical retrieval is defined as a
process (e.g. mapping, function, procedure) whereby, given a criterion, those documents are associated
(found, returned, retrieved) to a query (which is formally a document) for which the scores are greatest.
Example. Let the set of identifiers be T =
{computer, information, library} and the set of
documents be O = {JASIS, IPM}, thus D can be
modelled as shown in the table.

JASIS
IPM

computer
1

information
1

library
0.5

0.8

1

0.5

Each criterion can be represented by a surface.
The two documents, JASIS and IPM, are
represented on the horizontal axes. The values
corresponding to a criterion are measured on the
vertical axis, yielding a surface.

Taking a query q is equivalent to cutting the
corresponding surface with a vertical plane
(which corresponds to q). The result will be a
curve in space. There are as many curves as
criteria. If all curves are represented in one
system of coordinates one gets a visual
impression of the formal definition of classical
retrieval.
The concept of classical retrieval may be viewed as a formal superstructure with an underlying parameter:
the number of criteria. Depending on the values chosen for this parameter, one can get the vector space or
the probabilistic model.

Note
We should note, however, that, from a purely formal point of view, there is another parameter, too, and this is whether the order in
which the query and document are considered for evaluation (specifically, the computation of similarity or conditional probability)
matters or not; this is mathematically expressed by a property called commutativity. Because, on the one hand, trying to visualise
the influence of this parameter in our example seems very difficult, and on the other hand not visualising it does not hinder the
understanding, we will only be considering it in the formal section.

3.2 Vector Space Model
If there is just one criterion (which may be
called e.g. relevance), and the evaluation order
of query and document does not matter, one
gets the vector space model. Retrieval means
that part of this curve, which is above the
straight line corresponding to a threshold value.
This view is equivalent to the traditional
definition.

3.3 Probabilistic Model
If there are two criteria, called e.g. relevance
and non-relevance, and the evaluation order of
query and document does matter (namely:
document to query), one gets the probabilistic
model. Visually, this corresponds to two curves
in space. Retrieval is defined with respect to one
fixed criterion (of the two) as being those parts
of the corresponding curve that are above the
other curve and exceed a cut-off value (which
again can be represented by a straight line). This
view is equivalent to the traditional definition.
.

4. Mathematical Structures
4.1 Vector Space Model
Let d denote a threshold value, and V denote the
corresponding set of retrieved documents (for a
given query q). We may say in other words, that
the documents of V constitute a neighborhood
of the query. By taking different values for d,
e.g. d1, d2, ..., different sets of neighborhoods
are obtained, e.g. V1, V2, .. Thus, retrievals may
be conceived as defining a series of such
neighborhoods of the query in the space of
documents.

4.2 Probabilistic Model
Retrieval is driven by a sequence of repeatedly applied relevance feedback, and so there is a sequence of
corresponding triplets (precision, recall, fallout). The consecutive application of relevance feedback is
performed in a recursive manner: the set of documents retrieved at one relevance feedback enters the next
relevance feedback process. Thus, the consecutive triplets (precision, recall, fallout) correspond to points
on a surface, and they define a 'walk' towards an optimal point.
The vertical axis corresponds to fallout, the axis
to its right to precision, and the third axis
corresponds to recall. Consecutive values of the
3-tuple (precision, recall, fallout) define a
surface in this space, which may thus be termed
as an effectiveness surface. The aim of retrieval
is to reach as low a point on the effectiveness
surface as possible in as stable a way as
possible. It can be seen that fallout increases
when precision is low and recall is high. The
lower on the surface, the higher precision and/or
recall.

Effectiveness surface E.

E

4.2 Boolean Model
In the Boolean model, the query is a Boolean-type expression of terms. Retrieval consists of two steps: (i)
first, for every query term, those documents are retrieved which contain (or not, depending on the
operator used) that term, and then (ii) the thus retrieved sets of documents are subjected to set theoretic

operations (corresponding to the logical operators in the query). Step (i) is a document selecting
condition, and is a very special type of similarity (which, for example, is equal to 1 if cosine≠0, and zero
otherwise). Thus, the mathematical structure characterizing retrievals in the Boolean model depend on the
vector space model used for the document selecting condition. (Because of this, the Boolean model is not
a true elementary model of IR.)
In the − really − weighted Boolean model, query terms are associated weights expressing their relative
importance. Different evaluation measures have been suggested for the document selecting condition, of
which none is a classical measure (similarity, probability), and hence the weighted Boolean model seems
to be a true − non-classical − model of IR.

PART II.
5. Traditional Definitions of Classical Models
Definition of Vector Space IR (VIR). Let D be a set − representations − of documents. A function σ: D ×
D → [0; 1] is called a similarity if the following properties hold: (i) 0 ≤ σ(a, b) ≤ 1, ∀a, b ∈ D
(normalization); (ii) σ(a, b) = σ(b, a), ∀a, b ∈ D (commutativity); (iii) a = b ⇒ σ(a, b) = 1, a, b ∈ D
(reflexivity). Let q ∈ D be a query, and τ ∈ R be a real threshold value. The set ℜ(q) of retrieved
documents in response to query q is defined as follows: ℜ(q) = {d ∈ D|σ(d, q) > τ }.[e.g., Bollmann-Sdorra
and Raghavan; Buckland; Caid, Dimais and Galiant; Egghe and Rousseau; Everett and Cater; Kang and Choi; Kowalski; Luhn;
Raghavan and Wong; Raghavan , Wong and Ziarko; Salton; Salton and McGill; van Rijsbergen]

Definition of Probabilistic IR (PIR). Let D be a set of documents, q ∈ D a query, α ∈ R a real cut-off
value, and P(R|(q, d)) and P(I|(q, d)) the probability that document d is relevant (R) and irrelevant (I),
respectively, to query q. It is assumed that P(R|(d, d)) = 1, P(I|(d, d)) = 0. The retrieved documents in
response to query q belong to the set ℜ(q) defined as follows: ℜ(q) = {d|P(R|(q, d)) ≥ P(I|(q, d)), P(R|(q,
d)) > α}. [e.g., Callan, Croft and Harding; Cooper and Maron; Croft; Harding and Weir; Fuhr, Huang and Robertson; Maron and
Kuhns; Robertson and Sparck-Jones; Robertson, Maron and Cooper; van Rijsbergen; Wong and Yao; Wong,, Butz and Xiang; Yu,
Meng and Park]

6. Unified Formal Definition of Classical Models
Given: a finite set T = {t1, t2, ..., tk, ..., tN} of elements called identifiers, N ≥ 1; a finite set O = {o1, o2, ...,
ou, .., oU} of elements called objects, U ≥ 2; a finite family (Dj)j∈J={1, 2, ...,M} of object clusters, Dj ∈℘(O),
M ≥ 2; a set D = {õj |j ∈ J } of documents where the normalized fuzzy set õj = {(tk, µõj(tk))|tk ∈ T, k =
1, 2, ..., N}, j = 1, 2, ..., M, µõj: T → S ⊆ [0; 1] ⊂ R, is a cluster representative of object cluster Dj; a
finite set A = {ã1, ã2, ..., ãi, ..., ãC} of criteria, C ≥ 1, where ãi = {((q, õj), µãi(q, õj))|õj ∈ D, j = 1, 2, ...,
M}, i = 1, 2, .., C, is a normalized fuzzy relation, µãi: D × D → [0, 1] ⊂ R, q ∈ D arbitrary fixed; an αicut aαi = {õ ∈ D|µãi(q, õ) > αi}, i = 1, 2, ..., C, of criterion ãi, 0 ≤ αi < +∞; and a mapping ℜ: D → ℘(D)
called retrieval. [e.g., Kraft, Bordogna and Pasi; Miyamoto; Wong and Yao; Wong, Bollmann and Yao; Dominich]

Definition 6.1. A 2-tuple 〈D, ℜ〉 with the following properties: (P1) q = õ ⇒ µãi(q, õ) = 1 (reflexivity), q,
õ ∈ D; (P2) ℜ(q) = {õ|µãi(q, õ) = maxk=1,...,C µãk(q, õ)} ∩ aαi, is called a Classical Information Retrieval
(CIR); ãi arbitrary fixed. [Dominich]

7. Vector Space Model
The vector space model is defined as a special case of CIR as follows.
Definition 7.1. The vector space model (VSM) is a CIR 〈D, ℜ〉 obeying the following conditions: (S1) C

= 1; (S2) µãi is commutative, i.e. µãi(q, õ) = µãi(õ, q), ∀õ , q ∈ D. [Dominich]
It can be shown that the vector model as defined in Def. 7.1 is equivalent to the traditional definition
(VIR) of the classical vector space model, and thus the latter is a special case of CIR.

THEOREM 7.1. VIR and VSM are equivalent♦[Dominich]
The vector space model has two particular cases: binary and non-binary. These can easily be defined
as being special cases of VSM as follows.
Definition 7.2. The binary vector space model is a VSM 〈D, ℜ〉 with S = {0, 1}. The non-binary vector
space model is a VSM 〈D, ℜ〉 with S = [0; 1].
It is convenient (and easy to see it) to re-define the vector space model by specifying retrieval using a
similarity as follows.
Definition 7.3. Let D be a set of documents, and σ a similarity on D. A similarity space (or σ-space)
on D is a 2-tuple Σ = 〈D, σ〉, and a vector space (or similarity) model on D is a σ-space with ℜ(d)={x ∈
D|σ(d, x) > τ, τ ∈ R}.
The following − naturally arising − connections to metric and topological spaces can be shown. [e.g.,
Bollmann-Sdorra and Raghavan; Egghe and Rousseau; Everett and Cater; Dominich]

THEOREM 7.2. Let 〈E, µ〉 be a pseudometric space (µ bounded by 1). Then 〈E, 1 − µ〉 is a σ-space. ♦
Theorem 7.2 makes the following definition of an induced σ-space possible.

Definition 7.4. Let 〈E, µ〉 be a pseudometric space. Then Σ = 〈E, 1 − µ〉 is the σ-space induced on E by

pseudometric µ.
Then, it can be shown that:
THEOREM 7.3. Let 〈E, µ〉 be a pseudometric space. The induced topological space is a VSM on E. ♦
THEOREM 7.4. Let 〈E, µ〉 be a pseudometric space. Then the relation ~ defined as x ~ y ⇔ µ(x, y) = 0,
∀x, y ∈ E, is an equivalence relation on E. ♦
THEOREM 7.5 Given a pseudometric space 〈E, µ〉, and the relation x ~ y ⇔ µ(x, y) = 0, ∀x, y ∈ E. Then
the space 〈E*, µ* = µ〉 is a metric space with µ*(A, B) = µ(x, y), A, B ∈ E*, x ∈ A, y ∈ B. ♦
THEOREM 7.6. The Hausdorff space induced by metric µ* is a VSM. ♦
THEOREM 7.7. Let 〈E, σ〉 be a σ-space. If δ = 1 − σ is a pseudometric/metric on E, then the induced
topological space/Hausdorff space on E and VSM on E are equivalent. ♦
Specific theorems and properties, as well as applications can be unfolded, formally, from the above
basic theorems for both the binary and non-binary vector space models.

8. Probabilistic Model
The probabilistic model is defined as another special case of CIR as follows.
Definition 8.1. The probabilistic model is a CIR 〈D, ℜ〉 satisfying the following condition: C = 2.
[Dominich]

The following theorem is needed first (a connection of direct proportionality between membership µ
and probability P).
THEOREM 8.1. Let P be a probability measure defined in a σ-algebra of universe T, and p (kji) = P(Xk =

µõj(tk)), i = 1, 2. If (a) µãi(q, õj) =

∑

N

k =1

(1)

(2)

log (p kj /p kj ), i = 1,2; (b) identifier occurrences are

independent; (c) the two criteria are disjoint; Then (1) µã1(q, õj) ≥ µã1(q, õs) ⇔ P(ã1|õj) ≥ P(ã1|õs); (2)
µã1(q, õj) ≥ µã2(q, õj) ⇔ P(ã1|õj) ≥ P(ã2|õj). ♦[Dominich]
As a special case of Theorem 8.1 the following holds:
THEOREM 8.2. Given documents Di, i =1, ..., M, as frequency vectors Di = {dik|k = 1, 2, ..., N} and a dot
product similarity function f(X, Y) =

∑

N

k =1

xkyk . Let D’i = {d’ik|k = 1, 2, ..., N} be a set of new

frequency vectors with d’ik = log(P(dik|R)/P(dik|I)) where P(dik|.) is the probability that a
relevant/irrelevant document has dik occurrences of the kth term. Then P(Di|R) > P(Dj|I) ⇔ f(Q, Di) >
f(Q, Dj) where Q denotes a query with all weights equal to 1 for terms present and 0 otherwise. ♦[Yu,
Meng and Park]

It can be shown that the probabilistic model as defined in Def. 8.1 is equivalent to the traditional
definition PIR (in the typical case of optimal retrieval).
THEOREM 8.3. PIR and Def. 8.1 are equivalent. ♦ [Dominich]
In the probabilistic model retrieval is driven by relevance feedback. It can be shown that:

THEOREM 8.4. Repeatedly applying relevance feedback in the probabilistic model yields a Diophantine
set (of sets of retrieved documents) with a fixed point (corresponding to an optimal solution). ♦ [Dominich]

9. Boolean Model
Given a query Q as a logical expression Q = L(θk) = ∧j∈J (∨k∈K (θk, wk)), θk ∈{tk, ¬tk}, where wk ∈ [0; 1]
is a weight associated to and expressing a relative importance of tk. [e.g., Bordogna and Pasi; Bordogna, Carrara
and Pasi; Buell; Kraft and Buell; Kraft et al.; Kraft, Bordogna and Pasi; Kraft; Yager; Salton and McGill; Salton; Turtle and Croft;
van Rijsbergen]

DEFINITION 9.1. A Boolean model associated to 〈D, ℜ〉 is a pair 〈D, β〉, β = λ(Sk), where λ denotes a set

theoretic counterpart of L, and Sk = ℜ(θk).[Dominich]
Depending on how L, λ and ℜ are specified, one gets different particular Boolean models: (i)
traditional Boolean model for wk ∈ {0, 1}; (ii) weighted Boolean model when wk ∈ [0; 1].
In the traditional Boolean model, Sk = ℜ(θk) = {doc|θk ∈ doc}, and this document selecting condition
can be conceived as a special similarity (for example, σ = 1 if cosine ≠ 0, and zero otherwise). Thus, Sk is
a result of a vector space retrieval. Hence, it can be shown that:
THEOREM 9.1. Taking all possible Boolean retrievals over D is equivalent to a similarity space. ♦[Egghe
and Rousseau]

THEOREM 9.2. The set of all possible Boolean retrievals, based on elementary queries, using threshold,
is equivalent to the retrieval topology; using close matches, is equivalent to the Euclidean topology. ♦
[Egghe and Rousseau]

Note
We may, hence, say that the traditional Boolean model is not a true elementary classical model of IR: it relies on (it needs) a vector
space retrieval (for the document selecting condition; Sk). In principle, any other model can be used to get Sk. The classical Boolean
model may also be defined as a very special fusion, as follows.
Given CIRi = 〈Di, ∪ {query}, ℜ〉, i = 1, 2, ..., n. Data fusion is a CIR = 〈D ⊆ ∪i = 1, 2, ..., n ℜi(query), ℜ〉. A Boolean model is a
CIR with ℜ = β.

In the weighted Boolean model, Sk = ℜ(θk) = {docj|g(wk, µjk) ≥ ε}where g is an evaluation measure for the
document selecting condition. The gs proposed so far suggest that the − really − weighted Boolean model
is indeed a distinct − non-classical − model of IR.

10. Conclusions
A unified formal definition for the classical − vector space, probabilistic − models was given in an
axiomatic style. All known mathematical results and properties can be formally derived from/build upon
it. There only are two true elementary classical IR models: vector space and probabilistic; from a formal
point of view, the difference between them is commutativity and the number of criteria. The traditional
Boolean model is not a true elementary model of IR (as we perhaps thought), whilst the weighted
Boolean model is a true − non-classical − model. The mathematical structure and properties of the
weighted Boolean model are to be researched. Due to this foundation, IR can be conceived as a
mathematical discipline (too), researchable by rigorous means, methodically teachable to and accessible
by a more diverse scientific audience. The concept of a similarity space (σ-space) should perhaps gain a −
mathematical − status within it.
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